GENERALIZED CONVEX KERNELS
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ABSTRACT

The notion of the convex kernel of a set D is generalized to that of the #-th
order kernel of D. Such kernels are studied for compact, simply connected sub-
sets of the Euclidean plane. In particular, it is shown that under certain
circumstances [see Theorem 4 and also section 5], these kernels have rather
simple structures.

1. Introduction. Horn and Valentine [3] have generalized the notion of
convex set to that of L, set. A set D in the Euclidean plane E, is called an L, set if
forevery pair of points x and y in D, there is a polygonal line of at most n segments
lying in D which joins x to y. Such sets can be used to approximate (in the sense of
the Hausdorff metric) any compact, connected set (see [1]). The results of [1]
have been extended by McCoy [4] to complete locally compact convex metric
spaces. For some work concerning partitions of Euclidean spaces into L, sets,
the reader is referred to Ceder [2].

The convex kernel of a set D is defined to be the set of points x in D such that
for all y in D, the segment joining x to y is contained in D. It is well known that
the convex kernel of a set is itself convex.

The purpose of this note is to study the nth order kernel of D, by which we
mean the set of points x in D such that for each y in D there is a polygonal line
of at most n segments lying in D, and joining x to y.

If D is the boundary of a square, for example, the 2nd order kernel consists of
the four corners of the square. By considering examples similar to this, one can
easily verify that the nth order kernel of a set need not even be connected if n > 1.
Theessential difference between the casesn = 1and n > 1is thatthereis a unique
linedetermined by any pair of points x and y, but thereis aninfinitude of polygonal
lines with at most n segments joining xto yifn > 1.As we shallsee, the assumption
that D is simply connected partially overcomes this difficulty.

2. Notation and terminology. In the sequel, D will denote a compact, simply
connected set in E,. If B is a set, then B will denote its boundary and ~ B its
complement. We shall use the notation {py, py, ..., p,pfor the n-sided polygonal
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line (n-ling) joining p, to p, with py, ..., p,—4 consecutive, intermediate vertices
It will always be assumed that {py, ..., p,» has no self intersections. If x and y are
points in D, then by p(x, y) we shall mean the minimum number of segments that
a polygonal line lying in D and joining x to y can have. A full L, set is an L, set
for which thereexist x, y € D with p(x, y) =n.Ifx e D,then K} = {y: p(x, y) < n}.
If no confusion can arise, we shall write K, in place of K;. When considering a
sequence {x;} of points of D, we shall, for simplicity of notation, write K, for K.
We shall denote by K" the nth order kernel of D. Clearly K" = [)ep K.

3. Some properties of K,. In this section we record four lemmas which we
shalluse in the next section. Lemma 1, below, will be used frequently in the sequel.

LemMA 1. If xeD and y,ze K, and {y,z) < D, then (y,z> c K,.

Proof. LetL, =X, yy, ..., Va1, ¥y and Ly =(x, 2¢, ..., Z,—1, 2> be n-lines in
Djoining x to y and z respectively. The n-lines L, and L, along with {y, z) deter-
mine a figure P which is the union of a finite number of simple closed polygons
(with interiors) some of which may degenerate into segments. Since D is simply
connected, P = D.Ifze {y,_, yDory e {z,_y, z),theconclusion follows trivially.
Likewise the conclusion is immediate if either L, or L, intersects (y, z) other
than at the endpoints. If not, then let we {y, z). The point w is in one of the
polygons P’ of P. Each of the vertices uy, ..., u, of P is one of the y;, one of the z;
or a point at which a segment of L, intersects a segment of L,. Let
T={veP':{w,v) = P'}. It is clear that there exists ¢, 1 S g = r, such that
u,eT,u, # y,u, # z. If forsomes,1 <s<n—1,u, = y,thenthe(s + 1)-line
{X, V15 s Vs W) is contained in P and we K,. A similar n-line exists in case
u, = z,for some s. If u, is a point of intersection of L, and L., then the extension
of the segment {u,, w) (into another polygon P” of P) intersects the boundary of P
at a point . It is easy to verify that there is an n-line lying in P having terminal
side <t, w).

LemmA 2. IfxeD,then K} is a compact, simply connected L ,, set.

Proof. The compactness of K} is obvious.

That K, is an L,, set follows trivially from the fact that any two points of
K" can be joined by a 2n-line whose middle vertex is x.

It remains to show that ~ K" has no bounded components. Assume ~ K3 has
a bounded component C. Let y € C and let {y;, y,> be a segment through y
where y,,y, € 6C, and there are no other points of 6C on (y,y) and (y, V2.
Since boundary points of C must also be boundary points of K7, and since K is
closed, it follows that y, and y, are in K. Now each point z of {y,,y,) isin D,
otherwise the component of ~ D containing z would be bounded. By Lemma 1,
y € K" contradicting the hypothesis y € C. Hence K} is simply connected.
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LEmMMa 3. Letx,,x,,...,X,bepointsof DandletM =K, NK, N... NK, _,.
Then ~ (M UK, has no bounded components.

Proof. Suppose that ~ (M UK,,) has a bounded component C. Since C is a
bounded, open, connected set, it can be shown that there exist three points
¥1,¥2,Y3 € 8C such that the open segments (yy, y,), (¥2,¥3) and (y,, y3) are con-
tained in C. Now since 6C « M U K,,, two of these three points, say y, and y,,
arein M or in K,,. In either case, it follows from Lemma 1 that the entire segment
{y1, Y2y isin M or in K,,. This contradicts the existence of a bounded component
of ~(MUK,).

LemMA 4. Letx,,...,x, be pointsof D. Then K} NK3 N--- K}, isa compact,
simply connected L,, set. :

Proof. That K| N... N K}, is compact follows trivially from the compactness
ofK{,...,K:.Ifm=1,the theoremreducesto Lemma 2. Let M=K N--- NK} _;.
Assume M is a simply connected, L,, set. Let y,z be points of M NK; let
L =Y, Vnet1ssV1sXmsZ1seesZn-15 2 ANA Ly ={3,01,0;5,+*, 03,1, 2 be 2n-lines
joining y and z lying in K% and M respectively. These lines determine a figure P
which is a union of a finite number of simple closed polygons with interiors some of
which may degenerate into segments. We may further assume that L, is simple
and no line segment joining nonadjacent vertices of Ly, lies entirely in P. Since
~(MUK2) has no bounded components, P =« MU K. We shall show that
thereis a polygonal pathin K, N M having at most the number of segments of L.

Foreach ve Ly let

s(v) = sup{te Ly : {v,t) = Pand (v,1) N{z,_y,z) is empty}

where the supremum is taken with respect to the natural ordering of Ly from y
to z. We shall denote this ordering by ‘<.

We first show that if v € K,,, then s(v) € K,.. Now, if s(v)e {z,-1,z),the conclu-
sion is trivially true. If s(v) ¢ {z,-,z), then for some point p on L, the points v
s(v) and p are collinear. If pe {z,_,,z), then s(v) e {v,p) and by Lemma 1,
s(v) e K2 If p & {z,Zpms1p, Mm#n—1,then the polygonalline {X,,,zy,...,ZmP,5(V)?
lies in D and has at most n segments so that s(v) € K}. A similar polygonal path
existsif pe (Ppi1sVmy (M #n—~1lunlessp=y,_4).

It is clear that if v;<v < v;,; and (v;,0;4,) N{z,-1,2) is empty, then
;41 < 5(v). If s(v) € (v;,0; 41> N{Z,-1,2), then the line {v,s(v),z) has at most as
manysegments (two or, in the degenerate case s(v) = z,0ne) as {U,0; 4 1,..-,035— 1,2+
Thus the polygonal line

$pys(0), 83, 2>

has at most 2n segments. It follows from Lemma 1 that this 2n-line lies in
K, N M.
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The simple connectedness of K}, N M now follows from the simple connected-
ness of Ky, ...,K,,.

4. The nth order kernel. We now proceed to study the nth order kernel of D.
In Theorems 1 and 3 we obtain representations for K® Theorem 2 shows that K"
shares some of the properties of the sets K, obtained in Lemma 2. In Theorem 4
we show that for a full L,, set, K" isitself an L, set.

THEOREM 1. Let D’ be a densesubset of D. Then K" =(;ep- K3.

Proof. Let R =(")¢p-K;. Trivially, K" c R. Now assume y € R. Theny e K}
for each x e D'. Equivalently D’ < K. But K'is closed so that K} contains the
closure of D’ which is D. Thus D < Kjand y € K"so that R = K".

THEOREM 2. The nth order kernel is a compact, simply xconnected, L,, set.

Proof. Let D' = {xl, wesXpm...} be a countable, dense subset of D; let
M, =K]Nn..Nn K,. The sets M,, form a decreasing sequence of compact,
L,, sets whose intersection K" is therefore a compact, L,, set (see [1]: Theorem 2).
The simple connectedness of K followsimmediately from the connectedness of K*
and the simple connectedness of K},K3,....

THEOREM 3. Let S = N K, the intersection being taken over all points x € 6D.
Then S = K".

Proof. Trivially K" = S. Let xe D~ K" and let ye ~ K. If yeéD then
x €D ~ S.If yis an interior point of D, then the component of ~ K containing
y must contain a boundary point of D, for otherwise K} would not be simply
connected. Thus x¢ S and S « K"

The corollary below generalizes [3 : Theorem 1.4].

CoRrROLLARY. IfyeK:forallx,yedDthen DisanL,set.

Proof. If, for every x € 8D, y € K™ for all y € D, then by Theorem 3, 6D c K"
Since K" is simply connected, it follows that D = K”. Thus for each x,y € D we
have p(x,y) < n.

LEMMA 5. Let D be a full L,, set,letx,y € K" and let « be a point of D such
that p(a,x) = p(«,y) = n. Then Ky N K} N K Jis non empty.

Proof. We first show that K} N K is non empty. Since D is a full L, set, there
are points f and y with p(8,y) = 2n. Let L,={f,b,-4, s D Y5 ChsennsCrm 1Y)
and L, = {B,Br—15++»B1%: V15 +-+sVn—1,7) be 2 n-lines joining f and y via x and y
respectively. The lines L, and L, determine a figure P which is the union of a finite
number of simple closed polygons with interiors, some of which may degenerate
into segments.

Ifx € L,(or y € L,)then {x,y) = L ({x,y) < L,),for otherwise we would have
p(B,y) < 2n; hence {x,y) =« K NK,.
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Ifx ¢ Lyand y ¢ L, then x and y are accessible to the interior of P. There must
be a segment {x,v) lying in P with ve L, since p(f,7) = 2n. Similarly there is a
segment {y,1> < P with t e L_. It is immediately clear that

te <ﬂ25ﬂlsx,}’1’y2>
ve by, by, y,01,¢5).

and

Several situations can occur.

Kte(By,x.y,>(orveby,y,cid) thenve Ki NK}) (teK}! NK)).

If te{B,,B,> and veb,,b,) (orte{y,,y,> and v € {cy,¢c,)) then it can be
verified that (x,v)» N {y,t) = {p} e P and pe K} NK}.

If te{B,,B,> and ve {c,,c;) (or te{y;,7,> and ve (b,,b;}) then it can be
verified that one of the vertices of the hexagon (y,t, B, x,0,¢, ¥y
({y,t,71,%,0,by,yd) is in K; N KL

We proceed to show that KN KN K] is non empty. Let p be a point of
K;NK). The lines L; = <X, ap-1,-00, 81,801,y 1, ¥ and L, = {x,p,p>
determine a figure P*. An analysis of P* similar to the above analysis of P, but
using the fact that any polygonal path between x and « or y and o must have at
least n segments, verifies that there is a point v € P* which lies in K} N K;N K].

THEOREM 4. Let D be a full L,, set. Then K" is an L, set.

Proof. If K" is not an L, set, then there are points x, y € K” such that for each
te K{ NK,, there exists a(f)e D with te ~ KJ,,. Since K} NK,}is compact,
there exist points a,,a,,...,a, € D such that for each te K; r\Kyl, te ~ K; for
some i,1 < i < p. Bach of the «, satisfies p(«;, X) = p(o,, y) = n.

We willshow that Kf N K3 N... NKINK; N K isnotemptyforg =1,2,....
Now it follows from Lemma 5, that for each a, there is a point 1, € K N KN K].
Hence the conclusion is valid for g = 1. Assume the conclusion holds for g — 1.
Then there exists te K{'N... K}, NK}NK}! By Lemma 5 we have the
existence of ¢’ in K] NK; NK}. The 2-lines L = {x,t,y) and L =<x,t’,p)>
determine a figure P which is the union of at most two simple closed polygons
with interior, some of which may degenarete into segments. Since D is simply
connected, P = D. Now {x,) is not contained in P. For then we would have
{x,y> = K" contrary to the assumption that x and y cannot be joined by a 2-line
in K",

If L and L’ intersect at a point v, v # x, y, then ve K{ N... NK} NK; NK;.

If LNL = {x}U{y} then for one of the lines L (or L) we have
{x,t(or t), y>~ {x} ~{y} =IntP* where P* is the figure determined by
{x,t'(ort),y) and {x,y). It is easily verified that t(ort") e K} N...NK] NK! (\K;.
By induction there is a point veK{ N ... NK] NK!} (\K; contrary to the
assumption that the sets ~ K} cover K; NK,.

5. Kernels of nowhere dense sets. Throughout this section D is nowhere dense
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in addition to being compact and simply connected. The following result is easy
to verify and the proof is ommitted.

LemMa 6. Let x, yeD. If L, and L, are p- and q-lines respectively, p < q,
joining x to y and L={t:teL, NL,} then L is an r-line joining x to y with
r<p.

The following theorems can be proved by applications of Lemma 6.

THEOREM 5. Let D be a full L,, [L,,_,] set; let x, ye D with p(x,y)=2,
[P(x,Y) = 2n - 1]' If <x9a17 ""am'--saZn—lay> [(x!ala-",an-—]saus-"s“Zn-—Z’y)
is a 2n-line [(2n — 1)-line] joining x to y then a, € K" [{a,-,,> = K"].

THEOREM 6. Let D be a full L,,[L,, -] set. Then K" is a single point [K"is a
single segment].

THeoreM 7. Let D be a full L,,[L,,_,] set and for p > n, let K” denote its pth
order kernel;letp=n + q. Then K?isan L, [L;,4,] set.

A basic difference between the cases in which D is nowhere dense and the general
case is that in the former, any two points of D determine a unique path of fewest
segments (as Lemma 6 illustrates), whereas this is not so in the general case.
Theorems 5 and 6 obviously have no counterparts in the general case. We suspect
that Theorem 7 does have an analogue in the general case but have been unable to
prove this. It is worth noting that Theorem 6 implies that the nth order
kernel of a full L,,[L,,_,] setis non empty in case D is nowhere dense. This is not
necessarily true in the general case. For example, if D is the simply connected set
determined by a triangle whose sides are extended one unit in each direction, then
D is a full L, set with an empty first order (convex) kernel.

6. Some conclusing remarks. We conclude with several observations. Simple
examples show that K" might be contained entirely in the interior of D or entirely
in 8D, even if D is bounded by a simple Jordan curve.

It can be shown that if x € D then the boundary of a component of D ~ K7 can
be decomposed into two sets A and B, where A < 4D and B is either a subinterval
of a single segment of an n-line in K7 or empty. No corresponding statement can be
made for the boundary of a component of D ~ K".
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